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1. Denote the quotient map by π : X → X/ ∼.

Note that π−1(∅) = ∅ ∈ TX and π−1(X/ ∼) = X ∈ TX . Hence ∅ ∈ Tquot and X/ ∼∈ Tquod.

Given an index set I and a collection of open sets {Uα}α∈I with π−1(Uα) ∈ TX , we have

π−1(∪α∈IUα) = ∪α∈Iπ−1(Uα). Since TX is a topology, we have ∪α∈Iπ−1(Uα) ∈ TX . Hence

∪α∈IUα ∈ Tquot.

Given a collection of open sets U1, U2, . . . , Un with π−1(Ui) ∈ TX , we have π−1(∩ni=1Ui) =

∩ni=1π
−1(Ui). Since TX is a topology, we have ∩ni=1π

−1(Ui) ∈ TX . Hence ∩ni=1Ui ∈ Tquot.

As a result, Tquot is a topology.

2. (Counter example derived from lecture notes) Let X = ([−1, 1]×{0})∪([−1, 1]×{1}) with subsapce

topology induced from R2. Define the equivalent relation on X by identifying the points (x, 0) with

(x, 1) for all x 6= 0. Note that the resulting space X/ ∼ is not Hausdorff. If we define another

equivalent relation by further identifying the points (0, 0) and (0, 1), then the resulting space is

just [−1, 1] with standard topology. The resulting space is indeed Hausdorff.

(Tricky counter example) Consider the two points set X = {a, b} with the indiscrete topology

{∅, {a, b}}. Clearly X is not Hausdorff. Define an equivalent relation by identifying a and b. Then

we have X/ ∼= {[a]} and Tquot = {{[a]}}. Clearly the resulting space is Hausdorff.

3. * Define a function F : (X/ ∼, Tquot)→ (R,Tstd) by F ([x, y]) = y − x2. Since the value y − x2 is

constant on each equivalent classes, the function is well-defined.

For any c ∈ R, we have F ([0, c]) = c. Hence F is surjective. If F ([x1, y1]) = F ([x2, y2]), then

y1 − x21 = y2 − x22. This implies that [x1, y1] = [x2, y2]. Hence F is injective.

Furthermore, pick any open set U ⊂ R, we have f−1(U) ∈ Tstd. Hence F−1(U) = π(f−1(U)) is

open. This shows that F is continuous.

Finally, pick any open set V ⊂ X/ ∼ and consider F (V ) ⊂ R. Pick a point [x0, y0] = [0, y0−x20] ∈ V
with F ([0, y0 − x20]) ∈ F (V ). Since V ⊂ X/ ∼ is open, π−1(V ) ⊂ R2 is open. In particular, there

exists ε > 0 such that (0, t) ∈ V for all t with |t − (y0 − x20)| < ε. This implies that t ∈ F (V ) for

all |t− (y0 − x20)| < ε. Hence F maps open set to open set (or in other word, F−1 is continuous).

As a result, F is a homeomorphism.

1


